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Nonlinear Structural Response of Laminated Composite Plates
Subjected to Blast Loading
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We are concerned with the theoretical analysis of the laminated composite plates exposed to normal blast shock
waves as well as presenting correlation between the theoretical analysis and the experimental results of the strain
time histories. The laminated composite plate is clamped at all edges. On the theoretical side of the study, dynamic
equations of the plates are derived by the use of the virtual work principle within the framework of the Love
theory of plates. The geometric nonlinearity effects are taken into account with von Kármán assumptions. Then
the governingequationsof the laminated plate are solved by the Runge–Kutta–Verner method.A new displacement
function is considered for the theoretical solution of the blast-loaded clamped plate. Furthermore, � nite element
modeling and analysis for the blast-loaded composite plates are presented. On the experimental side of the study,
tests have been carried out on the laminated composite plates with clamped edges for two different blast loads.
The results of theoretical and � nite element methods are compared with the experimental results. Theoretical and
� nite element analyses results are in a good agreement. There is a qualitative agreement between the analyses and
experimental results in the � rst load case. The predicted peak strains and response frequency are in an agreement
with the experimental results for � rst load case. Thus the theoretical solution may be used for providing material
in the preliminary design stage. There is a difference between the analysis and experimental results in the second
load case because of the extremely large de� ections. In this study the effects of loading conditions, geometrical
properties, and material properties are separately examined on the dynamic behavior, as well.

Nomenclature
a; b = dimensions of the plate
d = distance from open end of the tube to target plate
E1; E2 = Young’s moduli
G12 = shear modulus
h = plate thickness
hk = ply thickness
Je = virtual work
Mx ; My ; Mxy = stress couples
m; n = term numbers
Nm = unit area mass of plate
Nx ; Ny; Nx y = stress resultants
p = pressure
pc = constant portion of the peak pressure
pm = peak pressure
Q i j = elastic constant components for a laminated

composite (i D 1; 2; 6; j D 1; 2; 6)
qx ; qy; qz = load components
t = time
t p = positive phase duration
U; V; W = time-dependentparts of displacement

components
u; v; w = displacement components in the

x; y; z directions
u0; v0; w0 = displacement components of reference surface

in the x; y; z directions
Pu; Pv; Pw = components of velocity vector
Ru; Rv; Rw = components of acceleration vector
® = waveform parameter
"x ; "y ; "x y = strain components
·x ; ·y ; ·x y = plate curvatures
º12 = Poisson’s ratio
½ = density of material
¾x ; ¾y ; ¾x y = stress components
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I. Introduction

A DVANCED composites are being used in many applications
ranging from aircraft and submarines to pressure vessels and

automotiveparts. For instance,aircraft interiorpanels, aircraftcargo
liners, aircraft brakes, ballistic components, launch systems, self-
contained space modules, sports equipment, naval vessels, medical
equipment, rail cars, trains, strategic and tactical missiles are some
of the distinctive � elds of application mentioned in the literature.1

In all of these applications the laminated composite plate compo-
nents are being subjected to different loading conditions. Among
them air-blast load is of signi� cant importance. The air-blast load,
which is one type of extraordinary dynamic load, is produced as a
consequenceof explosion.

The assessment of the effects of the explosiveson structural sys-
tems was apparently not studied systematically until World War I.
The early publishedwork was Hopkinson’s study,2 in which he out-
lined his theory for using scale models with the statement: “If two
structural systems, identically similar except in size, be subjected
to blast loading from two explosive charges whose weights are in
proportion to the cube of the ratio of the linear dimensions of the
two structures, then the behavior of the two structural systems will
be identically similar with the distortions scaling as the ratio of the
linear dimensions.”

There are some studies related to isotropic panel structures sub-
jected to air-blast loading in the literature. The predictionand mea-
surement of the structural response of ship panels to free � eld
air-blast explosions were � rst investigated by Houlston et al.3 In
the research conducted by Houlston and DesRochers,4 the square
plates and stiffened panels subjected to air-blast and underwater
shock loads were investigated. Later, assuming a Navier form of
displacement function and a modi� ed Friedlander re� ected blast
overpressure loading that exponentially decays with time, Gupta
et al.5 conducted a single-degree-of-freedom elastodynamic anal-
ysis of the response of a rectangular plate subjected to an ex-
plosive blast. Beshara6 investigated the prediction of dynamic ef-
fects of uncon� ned explosionsneeded for the structural analysis of
blast-loaded above-ground structures. New modeling methods for
stiffened plates and cylindrical shell structures were presented by
Olson.7 In his study rigid plastic analysis was extended to orthog-
onally stiffened plates and investigations were conducted by intro-
ducing new ef� cient � nite element and � nite strip representations
for stiffenedplatesand cylindricalshells,respectively.Experimental
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and numerical results for fully built-in stiffened square plates sub-
jected to blast pressure loading were presented by Nurick et al.8

His numerical analysis was carried out by using a � nite element
formulation that incorporates nonlinear geometry and material ef-
fects as well as strain-rate sensitivity. Elastic and plastic design
methods for lightweight metallic corrugated core sandwich panels
subjected to air-blast loading were presented by Wiernicki et al.9 In
their paper the equations were offered as a set of relatively simple
analyticalexpressionsthat can be used in preliminarydesign.There
are a few studies related to laminated plates subjected to air-blast
loading in the literature. Librescu and Nosier10 in their theoreti-
cal analysis of the symmetrically laminated rectangular composite
� at panels exposed to blast loading took into account the shear de-
formation effect. A theoretical and numerical study including the
nonlinear effects was presented by Türkmen and Mecitoglu.11 Re-
cently, Türkmen et al.12 carried out a numerical study on the dy-
namic behavior of laminated composite plates subjected to shock
loading. Türkmen13 investigated the dynamic behavior of compos-
ite plate and shell structures subjected to blast load. In his study the
theoreticalsolutionbasedon the Love theory is presented.The theo-
retical resultsare comparedwith the experimentaland � nite element
results.

The speci� callyconcernedareaof investigationof thispaper is the
nonlinear geometric analysis of laminated plates subjected to blast
loading. The Love theory of plates is used in the nonlinear range. In
the theory the assumption is made that the plate is thin, transverse
shear strains are neglected, and large de� ections are included. The
equation of motion is obtained by the use of the virtual work princi-
ple. The Runge–Kutta–Vernermethod is used to obtain the solution.
In addition ANSYS � nite element software is utilized for obtaining
strain time history in the linear and nonlinear ranges. Experiments
are carried out to test the laminated composite plates with clamped
edges. A blast loading is obtained from the detonationwave, which
is developed in a tube by the reaction of liqui� ed petroleum gas
(LPG) and oxygen mixtures. The numerical results are compared
with the experimental ones, and an agreement is found. The effects
of loading conditions, geometrical properties, and material proper-
ties are examined on the dynamic behavior.

II. Experimental Work
For obtaining the air-blast loadinga detonationis developedfrom

the reaction of LPG-oxygen mixture in a long circular cylindrical
detonationtube.The detonationtube, the laminatedcompositeplate,
and the plate-mounting frame used in the tests are shown in Fig. 1.
The detonation tube is � xed to two steel box beams, which are
clampedto aconcretebaseseatedon theground.The plate-mounting
frame is placed in front of the detonation tube. The mounting is
designedwith the objectof providingclampedboundaryconditions.
The target plate is compressed between the two steel frames with

Fig. 1 Placement of the detonation tube, plate-mounting frame, and
plate.

Fig. 2 Exploded view of the plate-mounting system.

Fig. 3 Placement of the pressure transducers.

12 bolts, and so it is achieved that there are no displacements in the
in-plane and out-of-planedirections on the boundaries in the tests.
Figure 2 shows the details of the square plate-mountingframe used
in the tests.

Blast-Pressure Measurement
The LPG and oxygen mixture are ignited in the detonation tube

to obtain air-blast pressure load for which the plate is experienced
against. The ratio of LPG-oxygen mixture and mass of the mixture
are stabilized by using a computer. The detonation tube is centered
with respect to plate to obtain a symmetrically distributed blast
loading on the plate. The air-blast pressure distribution is obtained
by using quartz crystal pressure transducers placed on the wooden
model, which is exposed to the blast loading. Assuming the dis-
tribution of the blast loading on the target model is symmetrical,
transducersare placed at six points on a quarter model (Fig. 3). The
signal obtained from the transducer is ampli� ed by using a charge
ampli� er. The air-blast pressure distribution is obtained for 35- and
100-cm distances from the detonation tube to investigate the effect
of blast on the near and distant structures, respectively.

Strain Measurement
Strain gauges and Wheatstone bridge are used to obtain the dy-

namic strain. The strain gauge is mounted on the center of each
plate in the x direction. The signal obtained from the bridge circuit
is ampli� ed and calibrated by using a dynamic strain meter.

The signal obtained from the charge ampli� er and the dynamic
strain meter are digitizedby using a 100-MHz digital scope, and the
data are transferred to a PC by using a RS232C serial interface. All
processes to develop the detonation wave and the measurements of
pressureand strain on the plates are controlledusing a PCL818 card
and a computer.

III. Nonlinear Dynamic Response Analysis
In this section the mathematical model of the laminated com-

posite plate subjected to blast loading is presented. The resulting
time-dependentequationis solvedby Runge–Kutta–Vernermethod.
The laminated composite plate and Cartesian coordinatesystem are
depicted in the Fig. 4.
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Fig. 4 Laminated plate and coordinate system.

Governing Equations
The displacement � eld in the plate can be represented by poly-

nomials or trigonometric series.14 The � rst few terms of the series
expansion for the displacementsu; v, and w are derived as15

u D u0 C ua.z=h/ C us sin.¼ z=h/

v D v0 C va.z=h/ C vs sin.¼ z=h/

w D w0 C wa.z=h/ C wc cos.¼ z=h/ (1)

In classicalplate theory the wa term and the trigonometricterms are
absent, and the terms ua=h and va=h are replacedby ¡@w0=@x and
¡@w0=@y, respectively. With this assumption strain-displacement
relationships for the plate can be written as

"x D "0
x C z·x ; "y D "0

y C z·y; "x y D "0
x y C z·x y (2)

where

"0
x D @u0

@x
C 1

2

³
@w0

@x

´2

; ·x D ¡ @2w0

@x2

"0
y D @v0

@y
C 1

2

³
@w0

@y

´2

; ·y D ¡ @ 2w0

@y2

"0
x y D @u0

@y
C @v0

@x
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@x
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@y
; ·x y D ¡2

@ 2w0
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For an anisotropic material the constitutive equations can be ex-
pressed as16

¾x D Q11"x C Q12"y C Q16"xy

¾y D Q21"x C Q22"y C Q26"xy

¾x y D Q61"x C Q62"y C Q66"x y (3)

The equations of motion are derived from the virtual work prin-
ciple. For the thin laminated plates the response characteristicsob-
tained within classical and shear deformable theories are in perfect
agreement in linear range.10 In this study the classical plate theory
with von Kármán assumptions is used for nonlineargeometric anal-
ysisof thin laminatedplates, theoretically.Transverseshearstresses,
which have not been in the classical theory, are ignored in the theo-
retical analysis.Because the assumptionis made that in-planeforces
are small compared to the forces in the normal direction of the plate
becauseof the blasteffect, in-planeinertiaare ignored.Thus, thevir-
tualwork principleis applied to the plate, and the followingequation
is obtained:

± Je D
T

dt

A

.¾x ±"x C ¾y±"y C ¾x y±"x y / dA

¡
A

.qx ±u C qy±v C qz±w/ dA

¡
A

[ Nm. Pu± Pu C Pv± Pv C Pw± Pw/] dA D 0 (4)

Fig. 5 Blast-pressure curve.

The equations of motion are derived, substituting the constitutive
equationsinto the virtual work equation.The derivationof the equa-
tions of motion is given in the Appendix.

Blast Loading
The shock or blast wave is generated when the atmosphere sur-

rounding the explosion is forcibly pushed back by the hot gases
produced from the explosion source. The front of the wave, called
the shock front, is like a wall of highly compressed air and has an
overpressuremuchgreaterthan that in the regionbehindit. This peak
overpressuredecreases rapidly as the shock is propagatedoutward.
After a short time the pressure behind the front may drop below
the ambient pressure, as shown in Fig. 5. During such a negative
phase, a partial vacuumis created, and air is sucked in. The air-blast
pressureon an exposedsurface is a function of the air-blast pressure
magnitude, and the orientation, geometry, and size of the surface
that the shock wave encounters and distance from the detonation
source. An approximation to the time variationof the blast pressure
is given by the Friedlander decay function as

p.t/ D pm .1 ¡ t=tp/e¡®t=t p .5/

Solution Method
The solution is assumed to be a multiplication of coordinate and

time-dependentparts. With this assumption the displacement func-
tions for clamped plate are given by the following functions:

u0 D
M

m D 1

N

n D 1

Umn.t/

³
1 ¡ cos

2m¼x

a

´³
1 ¡ cos

2n¼y

b

´

v0 D
M

m D 1

N

n D 1

Vmn.t/

³
1 ¡ cos

2m¼ x

a

´³
1 ¡ cos

2n¼y
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´

w0 D
M

m D 1

N

n D 1

Wmn.t/

³
1 ¡ cos
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a

´³
1 ¡ cos
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b

´
(6)

The Galerkin method is used to obtain the system of differen-
tial equations of motion, which is a function of time. Hence the
Eqs. (A6) can be written in the following form:

A

L11u
0 C L12v0 C L13w0 C N1.w0/ C Nm Ru0 ¡ qx u0 dA D 0

A

L21u
0 C L22v0 C L23w0 C N2.w0/ C Nm Rv0 ¡ qy v0 dA D 0

A

L31u
0 C L32v0 C L33w0 C N3.u0; v0; w0/

C Nm Rw0 ¡ qz w0 dA D 0 (7)
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Because the panel is subjected to normal blast pressure, the loads
in the x and y directions are equal to zero, and in-plane inertia are
ignored. Therefore u0 and v0 are calculated from the � rst two of
Eqs. (7) as zero. Thus the remainder of Eqs. (7) is written in the
following form:

A

L33w0 C N3.u
0; v0; w0/ C Nm Rw0 ¡ qz w0 dA D 0 .8/

Integrating Eq. (8), the nonlinear differential equation of motion
of the plate subjected to blast loading is obtained. The resulting
equation is solved by the Runge–Kutta–Verner method.

Finite Element Analysis
In addition to the theoreticalmethod, ANSYS � nite element soft-

ware is used to obtain strain time history numerically.The � nite ele-
mentmodel for the plateconsistsof an assemblyof two-dimensional
shell elements with seven layers in the transverse direction. In the
� nite element model no slippage is assumed between the element
layers. Shear de� ections are included in the element; however, nor-
mal to the center plane before deformation is assumed to remain
straight after deformation. The stress varies linearly through the
thickness of each layer. The plate is discretized by the use of eight-
noded laminated shell elements. There are six degreesof freedom at
each node. Three different models consisted of uniform grids with
16, 36, and 64 shell elements to verify the accuracy of the � nite
element model.3 Comparison of the natural frequencies for the � rst
mode shows a 2.5% decreasewhen changing the grid mesh from 16
to 36 elements and a 0.2% decrease when re� ning this grid from 36
to 64 elements. Convergence of the fundamental frequency shows
that the mesh of 64 elements is suf� cient to give adequateaccuracy.

The pressure load is applied on the whole surface of the plate as
a function of time. A total of 100 time function points are used in
describing the exponentially decaying blast load. All edges of the
plate are modeled by clamped boundary conditions. For the linear
transient analysis of the plate, time integration is done using the
Newmark method. On the other hand, the Newton–Raphson tech-
nique is used for the nonlinear transient analysis. Time increment is
taken to be 0.1 ms in the linear and nonlinear analyses.

IV. Results and Discussion
In this study the blast loading is obtained from the detonation

wave, which is developed in a tube by the reaction of LPG and
oxygen mixtures. Then, the detonation wave goes through to atmo-
sphere from the open end of the tube and applies a normal blast load
on the target plate that is mounted at a distance from the open end
of the tube.

Two differentdistancesare experienced:100 and 35 cm. Pressure
transducers are mounted on a wooden model, and blast-pressure
variation and distribution are obtained on the wooden model. Be-
cause the plate geometry and the blast-pressureeffect are symmetri-
cal accordingto two axesof symmetry,air-blastpressureis measured

Fig. 6 Blast-pressure distribution on the plate.

at six different points on a quarter wooden model. Blast measure-
ments are repeated three times, and average values are calculated.

Pressure measurement results are shown in Tables 1 and 2 for
100- and 35-cm distances from the open end of the detonation tube,
respectively. The spatial distribution of the peak pressure on the
quarter model is shown in Fig. 6 for the 35-cm distance. The ex-
perimental results show that the distance is a very signi� cant fac-
tor affecting the variation of air-blast pressure in spatial and time
domains. The pressure is uniformly distributed for the distance of
100 cm according to blast test results. However, one can see that
there is a variation in the readings from trial to trial from the trans-
ducers used to measure pressure.This variation is not consideredin
the analyses.However, this variation increasesor decreases the pre-
dicted peak strain in the ratio of variation in linear range. The effect
of this variationwill be small in nonlinear range. The pressurehas a
sinusoidal variation for the 35-cm distance. Therefore a sinusoidal
approximationto the spatialvariationof peakpressureis considered,
providing the experimental results. A sinusoidal approximation to
peak pressuredistributionobtained from the experimentsis given in
the same � gure. The pressure-time variationsmeasured at P1 point
are shown in Figs. 7a and 7b for 100- and 35-cm distances from
the open end of the tube, respectively. The magnitude and varia-
tion of the air-blast pressure changes by the distance. The ratio of
the positive peak pressure to the negative peak pressure increases
with the increasing distance. In the low distance case experimental
results show that the blast load has a large negative peak pressure.
The blast pressure variation, measured in the tests, show that the
load suddenly increases and then exponentially decays with time.
During the decaying of blast pressure, some pressure � uctuations
are observed.

Table 1 Blast test results for 100-cm distance (bar)

Transducer Test 1 Test 2 Test 3 Pav

1 0.287 0.290 0.289 0.289
2 0.286 0.302 0.285 0.291
3 0.289 0.277 0.311 0.292
4 0.267 0.285 0.298 0.283
5 0.312 0.288 0.322 0.307
6 0.254 0.297 0.295 0.282

Table 2 Blast test results for 35-cm distance (bar)

Transducer Test 1 Test 2 Test 3 Pav

1 3.047 2.578 3.281 2.968
2 2.344 2.262 2.237 2.281
3 1.406 1.406 1.406 1.406
4 0.938 0.938 0.911 0.929
5 0.938 0.859 0.937 0.911
6 0.703 1.016 0.703 0.807
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a) d = 100 cm

b) d = 35 cm
Fig. 7 Variation of blast loading by time.

An approximation to the time variation of pressure is given by
Eq. (5) for the uniform distribution. Furthermore, multiplying the
Friedlander decay function with sine functions, the spatial and time
variation of the pressure is obtained as a function of time and co-
ordinates for the distance of 35 cm. This relationship is expressed
as

p.x; y; t/ D .pm ¡ pc/ sin.¼ x=a/2 sin.¼ y=b/2

C pc .1 ¡ t=t p/e¡®t=tp (9)

An acceptable approximation to the blast loading test results can
be accomplishedby choosing the appropriatevalues of pm and tp in
Eq. (5) and then by calculating the waveform parameter ®, in terms
of them. In this study the values of pm and tp are chosen at negative
peak pressure time (Fig. 5), and then the waveform parameter is
determined. In Eq. (9) pc is the peak pressure on the edge of the
plate. Figures 7a and 7b show the approximate curves for the time
variation of the pressure.

Two types of plates are used in the tests. One of them, labeled
specimen I, is a seven-layered � berglass fabric (90-deg=0-deg � ber
orientation angle for one layer) whose thickness is 1.96 mm. The
second plate, labeled specimen II, is a � ve-layered � berglass fab-
ric (45-deg=¡45-deg � ber orientation angle for one layer) whose
thickness is 1.2 mm. All layers are taken to be of equal thickness.
The effective dimension of all of the square plates is 220 mm. The
test specimensare made by hand lay-up technique.Glass � bers (181
style) are laid onto a mold by hand, and the AW106 resin is brushed
on. The deposited layers are densi� ed with rollers. Curing time is
three days at room temperature. The vacuum, which is used in this
process, is 736 mm Hg. The plain weave is used in the specimens.
The weight ratios of the glass fabric and the resin to the composite

Table 3 Loading conditions

Parameters Load case I Load case II

pm , N/m2 28,906 296,875
pc , N/m2 0 70,000
d , cm 100 35
® 0.35 0.06
tp , s 0.0018 0.0009
Pressure distribution Uniform Sinusoidal

Fig. 8 Effect of the term number on the analysis.

Fig. 9 Comparisonof the strain time history results in the linear range.

are equal. Ply material properties used in the analysis and experi-
ments are given as

E1 D 24:14 GPa; E2 D 24:14 GPa; G12 D 3:79 GPa

½ D 1800kg/m3; º12 D 0:11

The test and analysis are performed for two different loading
conditions,which are shown in Table 3. Theoretical,numerical,and
experimental results of specimen I are obtained for the � rst loading
condition. One-, four-, and nine-term series solution results show
that the overall trend of the predicted plate response is not affected
by the term number used in the linear theoretical analysis (Fig. 8);
however, the results are affected as to small amplitude variations at
higher frequencies. These small amplitude variations are shown in
the four- and nine-term series solution results because the effect of
higher vibration modes is taken into account by using more than
one term in the analysis.Theoretical results are in a good agreement
with the ANSYS results in the linear range (Fig. 9). In the nonlinear
range � nite element displacement results are in a good agreement
with the nine-termseries solution results (Fig. 10). The discrepancy
between the strain time history results of the � nite element and
theoretical method is caused by the effect of the membrane strains
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Fig. 10 Comparison of the displacement time history results in the
nonlinear range.

Fig. 11 Comparison of the strain time history results in the nonlinear
range.

Fig. 12 Membrane strain time history results of specimen I under � rst
loading condition.

(Fig. 11). Because of the geometric nonlinearities, large membrane
strains occur. The membrane strain time history obtained by using
ANSYS is shown in Fig. 12. In the theoretical analysis the � rst
two of Eqs. (7) are ignored to simplify the solution, and so the
membrane strains are ignored.These membrane strains increase the
stiffness of the plate after the strain reaches the peak value. After
the positive peak strain the negative pressure pulse increases the
negative peak strain. The small negative peak strain is obtained in
the numerical analysis because of the membrane strains. However,
bigger negativepeak strain is obtained from the theoreticalanalysis

Fig. 13 Strain time history results.

Fig. 14 Response frequencies.

because the membrane strains are ignored in this analysis. How-
ever, the predicted peak strain is well-correlated with the ANSYS
results because the membrane strains are small in the beginning of
the plate vibration. The wall-clock times, which we wait for solu-
tion, are given to compare the theoretical and numerical analyses
costs. The wall-clock times are 4 and 117 min for the theoretical
and numerical solution, respectively.The strain time history results
obtained from theoretical,numerical,and experimentalmethods are
compared in Fig. 13. The predicted peak strain value obtained from
the nine-term series solution is well-correlated with the numerical
result. A qualitative agreement is found between the theoretical,
numerical, and experimental results. The fast Fourier transforma-
tion technique is used for obtaining the response frequency. The
power spectral densities of the results, which is a measurement of
the energy at various frequencies, are obtained for the theoretical,
numerical, and experimental results of specimen I under the � rst
loading condition. The spectral analysis results show that the fre-
quenciesobtained from theoreticaland numericalmethods are in an
agreement. The primary frequency obtained from the experimental
result is in agreement with the secondary frequency obtained from
the theoretical and numerical results (Fig. 14). The discrepancy be-
tween the peak strains obtained from the experimentaland the other
methods is caused by assumptions made in the analyses. One of
them is that no slippage is assumed between the element layers in
both analyses. In the other assumption the higher-order nonlinear
terms are ignored in the analyses. Considering the large de� ection,
the slippage between the element layers and higher-ordernonlinear
terms affects the results. The blast-load test results have pressure
� uctuations,which are ignored in the analyses. The pressure � uctu-
ations cause the difference between the experimental and analytic
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Fig. 15 Long-time response.

Fig. 16 Strain time history results for specimen II.

Fig. 17 Strain time history results for load condition II.

results.Furthermore, the dampingeffectsdecreasethe vibrationam-
plitude in a short time. The rapiddecreasein the vibrationamplitude
is a result of the big damping forces. These forces decrease the peak
strainvalue.Decayingof the vibrationamplitudewith time is shown
in Fig. 15.

One-term series nonlinear solution and experimental results ob-
tained for specimenII are shown in Fig. 16. A simple approximation
to the predictionof the strain at the center of the plate and response
frequency is presentedand compared with the experimental results.
A discrepancy between the theoretical and experimental results is
observed for the time history. This discrepancy shows the effect of

higher vibration modes on the plate response. One-term series non-
linear solutionand experimentalresultsof specimen I for the second
load case are shown in Fig. 17. In this � gure there is a difference
between the theoretical and experimental results. The strains ob-
tained in the second load case are bigger than the strains obtained
in the � rst loading condition. This is the result of the big de� ection
in the second load case. The difference between the experimental
and theoretical results in the second load case is bigger than the
difference between the experimental and theoretical results in the
� rst load case because the assumptions have many more effects on
the results in the second load case.

V. Conclusions
This paper presents a theoretical analysis and correlation with

numerical and experimental results of the strain time histories of
laminated composite plates exposed to normal blast shock waves.
The blast wave is assumed to be exponentially decaying with time
and either uniformly distributed on the plate surface or sinusoidal
varying with coordinates. Two different lamina con� gurations are
investigated.The equationof motion of the plate is solved using the
Runge–Kutta–Verner method and correlated with the experimental
and ANSYS � nite element results for the seven-layered composite
plate. The following conclusions apply to the case of laminated
plates with fully � xed boundary conditions as considered herein.

The blast-pressuremeasurements on the plate show that the char-
acter of the pressure variation is strongly dependent on the distance
from the open end of the tube to the target plate. For example, if
we decrease this distance about three times, the peak pressure on
the plate increases approximately 10 times. Furthermore, the ratio
of the positive peak pressure to the negativepeak pressure increases
with the increasing distance. The pressure distribution on the plate
has a sinusoidalvariation for the cases of low distance.On the other
hand, the spatial variation of the pressure becomes more uniform as
the distance increases.

From the time response curves theoretical and numerical results
are in a good agreement in the linear range. Theoretical analysis
results show that the number of terms is an effective parameter
in the geometrically nonlinear solution. The predicted peak strain
value and response frequency obtained from nine-term series so-
lution is well-correlated with the numerical result in the nonlinear
range. Strains and frequencyobtained from theoretical and numeri-
cal analyses are correlated with the experimental results. Response
frequencies obtained from theoretical and numerical methods are
in agreement. The discrepancy between the peak strains obtained
from experimental and the other methods is because of the assump-
tions, which are made in the analyses. A simple approximation to
the prediction of the strain at the center of the plate and response
frequency is achieved using one-term series in the analysis. The
decaying shown in the experimental results does not appear in the
resultsof the analyses.A decayingparametercan be calculatedfrom
the long-time response curves and may be used in the analyses, but
this procedure is not shown in this study. The discrepancy between
the experimental and theoretical results caused by the assumptions
is much more clear for the low-distance case. In this case the big
strains and displacements occur in comparison to the � rst loading
condition; therefore, the assumptions become more signi� cant fac-
tors on the plate response. In the second load case the plate moves
more rapidly becauseof the blast load with high velocity, and there-
fore the structuraldampingbecomesmore signi� cant factor restrict-
ing the plate response. Finally, if the frequencies and peak strains
are considered, an agreement is found between the experimental
results and the others in the � rst loading condition. The numeri-
cal solution procedure requires much more computer time than the
approximate theoreticalsolutionprocedure.Thus the theoreticalso-
lution may be used for providingmaterial in the preliminary design
stage.

The structural damping and hygro-thermal effects may be inter-
esting in the aspect of the dynamic response of plate. The stiffener
and cutout effects on the dynamic behavior of the plate can be stud-
ied by the use of this method. These will be the topics of the next
studies.
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Appendix: Derivation of the Equations of Motion
Substituting the constitutive equations in Eq. (4), we obtain the

equations of motion as

¡ @Nx

@x
¡ @Nx y

@y
¡ qx ¡ Nm Ru0 D 0 (A1)

¡ @ Ny

@y
¡ @ Nx y

@x
¡ qy ¡ m Rv0 D 0 (A2)

¡ @ 2Mx

@x2
¡ @2 My

@y2
¡ 2

@ 2 Mxy

@x@y
¡

³
@Nx

@x
C @Nx y

@y

´
@w0

@x

¡
³

@Ny

@y
C @ Nx y

@x

´
@w0

@y
¡

³
Nx

@2w0

@x2
C Nx y

@2w0

@ x@y

C Ny
@ 2w0

@y2

´
¡ qz ¡ Nm Rw0 D 0 (A3)

where

$ Nx

Ny

Nx y

’

7% D
$ A11 A12 A16

A12 A22 A26

A16 A26 A66

’

7% $ "0
x

"0
y

"0
x y

’

7% C
$B11 B12 B16

B12 B22 B26

B16 B26 B66

’

7% $ ·x

·y

·x y

’

7%

(A4)

$ Mx

My

Mx y

’

7% D
$ B11 B12 B16

B12 B22 B26

B16 B26 B66

’

7% $ "0
x

"0
y

"0
x y

’

7%C
$ D11 D12 D16

D12 D22 D26

D16 D26 D66

’

7% $ ·x

·y

·x y

’

7%

(A5)

Here, terms in the matrices are

Ai j D
n

k D 1

.Qi j /k.hk ¡ hk ¡ 1/

Bi j D
1

2

n

k D 1

.Q i j /k h2
k ¡ h2

k ¡ 1

Di j D
1

3

n

k D 1

.Q i j /k h3
k ¡ h3

k ¡ 1

Using the constitutive equations and strain-displacement relations,
Eqs. (A1–A3) can be written in terms of displacementsas

L11u0 C L12v0 C L13w
0 C N1.w0/ C Nm Ru0 ¡ qx D 0

L21u
0 C L22v0 C L23w0 C N2.w

0/ C Nm Rv0 ¡ qy D 0

L31u0 C L32v
0 C L33w

0 C N3.u0; v0; w0/ C Nm Ru0 ¡qz D 0

(A6)
where

L11 D ¡A11
@2

@x2
¡ 2A16

@ 2

@x@y
¡ A66

@2

@y2

L12 D ¡.A12 C A66/
@2

@x@y
¡ A16

@2

@x2
¡ A26

@2

@y2

L13 D 3B16
@3

@x2@y
C .B12 C 2B66/

@3

@x@y
C B11

@3

@ x3
C B26

@3

@y3

L21 D ¡.A12 C A66/
@2

@x@y
¡ A16

@2

@x2
¡ A26

@2

@y2

L22 D ¡A66
@2

@x2
¡ A22

@2

@y2
¡ 2A26

@ 2

@x@y

L23 D .B12 C 2B66/
@3

@y@x2
C B22

@3

@y3
C 3B26

@3

@x@y2
C B16

@3

@x3

L31 D ¡B11
@3

@x3
¡ 3B16

@3

@x2@y
¡ .B12 C 2B66/

@3

@x@y2
¡ B26

@ 3

@y3

L32 D ¡B16
@3

@x3
¡ .B12 C 2B66/

@3

@x2@y
¡ 3B26

@3

@x@y2
¡ B22

@ 3

@y3

L33 D D11
@

@x4
C 6D16

@4

@ x3@y
C .2D12 C 4D66/

@ 4

@x2@y2

C 4D26
@4

@x@y3
C D22

@4

@y4

N1.w0/ D ¡A11
@w0

@x
@2w0

@x2
¡ .A12 C A66/

@w0

@y
@2w0

@x@y

¡ A16
@w0

@y
@2w0

@x2
¡ 2A16

@w0

@x
@2w0

@x@y
¡ A26

@w0

@y
@2w0

@y2

¡ A66
@w0

@x
@2w0

@y2

N2.w0/ D ¡.A12 C A66/
@w0

@x
@ 2w0

@x@y
¡ A22

@w0

@y
@2w0

@y2

C 2A26
@w0

@y

@2w0

@x@y
¡ A26

@w0

@x

@2w0

@Y 2
¡ A16

@w0

@x

@2w0

@x2

¡ A66
@w0

@y
@2w0

@x2
¡ A22

@w0

@y
@2w0

@y2

N3.u0; v0; w0/ D 2.B66 ¡ B12/

³
@2w0

@ x@y

´2

C .B22 ¡ B12/

³
@2w0

@y2

´2

¡ 4B66

³
@w0

@y
@3w0

@y@x2

´
C .B22 ¡ B12/

³
@w0

@y
@ 3w0

@y3

´

C 2.B12 ¡ B66/

³
@2w0

@x2

@2w0

@y2

´
¡ A11

³
@2u0

@ x2

@w0

@x

´

¡
³

3A11

2

´³
@w0

@x

´2
@2w0

@x2
¡ .A12 C A66/

³
@2v0

@y@x

@w0

@x

´

¡ 2.A12 C 2A66/

³
@w0

@y

@2w0

@y@x

@w0

@x

´
¡ 2A16

³
@2u0

@x@y

@w0

@x

´

¡ A16

³
@2v0

@x2

@w0

@x

´
¡ 2A16

³
@2w0

@x2

@w0

@y

@w0

@x

´

¡ 3A16

³
@w0

@ x

´2
@2w0

@y@x
¡ A26

³
@2v0

@y2

@w0

@x

´

¡ 3A26

³
@w0

@y

@2w0

@y2

@w0

@x

´
¡ A66

³
@2u0

@y2

@w0

@x

´

¡
³

A66 C
A12

2

´³
@w0

@x

´2
@2w0

@y2
¡ .A12 C A66/

³
@2u0

@x@y

@w0

@y

´

¡ A22

³
@2v0

@y2

@w0

@y

´
¡

³
3A22

2

´³
@w0

@y

´2
@2w0

@y2

¡ A26

³
@2u0

@y2

@w0

@y

´
¡ 2A26

³
@2v0

@x@y
@w0

@y

´

¡ 4A26

³
@2w0

@x@y

´³
@w0

@y

´2

¡ A16

³
@ 2u0

@x2

@w0

@y

´
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¡ A66

³
@2v0

@ x2

@w0

@y

´
¡

³
A66 C

A12

2

´³
@w0

@y

´
@2w0

@x2

¡ A11

³
@2w0

@x2

@u0

@x

´
¡ A12

³
@v0

@y

@ 2w0

@y2

´
¡ A16

³
@u0

@y

@2w0

@x2

´

¡ A16

³
@v0

@ x

@2w0

@x2

´
¡ A12

³
@u0

@x

@2w0

@y2

´
¡ A22

³
@v0

@y

@2w0

@y2

´

¡ A26

³
@u0

@y

@2w0

@y2

´
¡ A26

³
@v0

@x

@ 2w0

@y2

´
¡ 2A16

³
@u0

@ x

@2w0

@x@y

´

¡ 2A26

³
@v0

@y
@2w0

@x@y

´
¡ 2A66

³
@u0

@y
@2w0

@x@y

´

¡ 2A66

³
@v0

@x

@2w0

@x@y

´

with the boundary conditions

u0.0; y; t/ D u0.a; y; t/ D u0.x; 0; t/ D u0.x; b; t/ D 0

@u0

@x
.0; y; t/ D @u0

@x
.a; y; t/ D @u0

@y
.x; 0; t/ D @u0

@y
.x; b; t/ D 0

v0.0; y; t/ D v0.a; y; t/ D v0.x; 0; t/ D v0.x; b; t/ D 0

@v0

@x
.0; y; t/ D @v0

@ x
.a; y; t/ D @v0

@y
.x; 0; t/ D @v0

@y
.x; b; t/ D 0

w0.0; y; t/ D w0.a; y; t/ D w0.x; 0; t/ D w0.x; b; t/ D 0

@w0

@x
.0; y; t/ D @w0

@x
.a; y; t/ D @w0

@y
.x; 0; t/ D @w0

@y
.x; b; t/ D 0

(A7)
and initial conditions

u0.x; y; 0/ D 0; v0.x; y; 0/ D 0; w0.x; y; 0/ D 0

Pu0.x; y; 0/ D 0; Pv0.x; y; 0/ D 0; Pw0.x; y; 0/ D 0
(A8)
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